Although quantum radiation pressure noise could limit the sensitivity of the second-generation gravitational wave detectors, it has not been observed in a broad frequency band and its reduction methods have not been proven yet. A promising way to observe quantum radiation pressure noise is to store high power light in an optical cavity with a tiny mirror. However, anti-spring torque caused by radiation pressure of the light acting on the tiny mirror could make the system unstable, and it is generally difficult to attach actuators to the tiny mirror for stabilization. Hence a new method to overcome this anti-spring torque has been developed. In the new method, the other mirror of the cavity is controlled so that the position of the resonant light at the tiny mirror is fixed to decrease the anti-spring torque and stabilize angular motion of the tiny mirror. With the new method, it was successfully observed that the anti-spring torque caused by radiation pressure was suppressed in the present experiment with a 23 mg mirror, where resonant frequency of angular motion of the tiny mirror increased towards the mechanical resonant frequency.
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Introduction
The second-generation ground-based laser interferometric gravitational wave detectors, Advanced LIGO in the USA [1] , Advanced Virgo in Italy [2] and KAGRA in Japan [3] are expected to achieve their design sensitivities within several years. Quantum noise will be one of the major noise sources in these detectors, especially for KAGRA, where the design sensitivity will be limited by quantum noise in almost all the observation frequency band [3] . Therefore, in order to improve sensitivity of a gravitational wave detector further and develop gravitational wave astronomy, it is necessary to establish methods to reduce quantum noise.
In the case of these detectors, because high power light resonating in cavities (~100 kW-1 mW) hits mirrors, it is anticipated that radiation pressure noise, which is one of the two kinds of quantum noise, will be the dominant noise source in the low frequency band [1, 2, 4] . For the reduction of radiation pressure noise, a method where the output field of the interferometer is detected with homodyne detection was proposed [5] . In KAGRA, it is planned to use the optical spring effect caused by the radiation pressure of resonant light and the ponderomotive squeezing effect [6, 7] for the reduction of radiation pressure noise [3, 4] . However, radiation pressure noise has never been observed in a broad frequency band and techniques for its reduction have not been proven experimentally. Therefore, it is crucial to construct and confirm the techniques before they are used for the large detectors. To experimentally confirm the techniques, it was proposed to use high-finesse cavities with a milligram scale mirror as arm cavities of a Fabry-Perot Michelson interferometer and store high power resonant light in the cavities [8] . This experimental method is effective in the sense that radiation pressure noise is intentionally made prominent and therefore the experimental system is specialized for the purpose of observation of radiation pressure noise and its reduction; the Michelson interferometer separates the output light from classical noise of the incident light, and a milligram scale mirror and high power light enlarge the displacement caused by radiation pressure of resonant light in the cavity.
In order to realize this experimental method, it is crucial to stably control cavities against high radiation pressure acting on the mirrors of the cavities due to high intra-cavity power of the resonant light. One of the major problems that has to be overcome to realize stable control on the cavities is that the radiation pressure causes anti-spring torque on the mirrors (SidlesSigg effect) [9, 10] and then angular motion of the mirrors will be unstable when the antispring torque exceeds mechanical restoring torque on the mirrors caused by suspension wires of mirrors. In fact, if actuators are attached to the mirrors for the control of the angular motion of the mirrors, this instability can be avoided [11] . Unfortunately, however, because a milligram scale mirror is so small that it is difficult to attach actuators to it, this problem, potential instability of the angular motion of a mirror, turns out to be serious in experiments with a tiny mirror. The effect of this problem was observed as a decrease of resonant frequency of angular motion of a tiny mirror [12] . The situation is similar for any experiments with cavities that have mirrors with no actuators, and that are susceptible to radiation pressure. We have therefore developed and tested a new method to overcome this problem.
Theory
The mechanism of the Sidles-Sigg effect is explained in figure 1 . When the right mirror rotates clockwise, the center of curvature of the right mirror shifts upwards and then the resonant axis of the cavity changes. Since the change of the axis is calculated geometrically, the displacement of the position of the resonant light in the cavity (the beam spot) at the right mirror is also calculated as
The displacement of the beam spot at the right mirror determines the point at which radiation pressure force acts on the mirror, and therefore causes torque on the mirror so that the expression of the torque on the mirror caused by the radiation pressure of the resonant light
Here F RP is the force caused by radiation pressure of resonant light in the cavity, which follows the relation = F P c RP 2 , where c is the speed of light and P is the intra-cavity power of the light. The torque can also be expressed in terms of g-factors
as follows:
12 is positive so that the torque serves as an anti-spring to the right mirror. In our experimental system, the right mirror is flat, i.e. = ¥ R 1 , which means that an inequality > g 0 1 always holds and therefore another inequality > R L 2 also always holds due to the resonant condition of a cavity, < < g g 0 1 1 2
[13]. The above explanation for the Sidles-Sigg effect indicates that if the beam spot position at a mirror is fixed at a certain point the anti-spring effect on the mirror does not occur. Therefore, a control system that suppresses the displacement of the beam spot on the right mirror by feeding back the displacement to the angle of the left mirror, which is described schematically in figure 2, works to reduce the anti-spring effect.
A block diagram of the present control system is shown in figure 3 . From here for simplicity, let us restrict ourselves to the case that the right mirror is flat, i.e. = ¥ R 1 , and let us rename º R R
2
. When the rotation of the left mirror is considered, equations (1) and (2) Figure 1 . Schematic picture of how the resonant axis of a cavity changes when a mirror of the cavity rotates. q E represents rotation angle of the right mirror, R 1 is radius of curvature (ROC) of the right mirror, R 2 is that of the left mirror and L is the length of the cavity. dr denotes the displacement of the beam spot at the right mirror. The solid line and the dotted lines represent path of the resonant light and its extensions, respectively.
are generalized as
respectively. Since the transfer function from dr 2 to dr is ( )
according to the block diagram, the expression of anti-spring torque acting on the right mirror turns out to be
This formula shows that the anti-spring torque T RP is suppressed by + H 1 , and it is possible to reduce the anti-spring effect on the mirror by exploiting the freedom of chosing F FB [14] . To understand the meaning of equation (7), let us consider the figure 3 is so high that  dr 0 and the torque caused by radiation pressure no longer acts on the right mirror. In terms of the block diagram, since ( )
can be regarded as 0, the lower feedback loop of the anti-spring torque in figure 3 can be neglected.
Although a solid way to observe the reduction of the anti-spring effect on the right mirror is to measure the susceptibility q T E E directly, it is not easy to measure q T E E if the mirror has no actuators; it is not possible to apply torque directly to the mirror. We developed a method to obtain the susceptibility by exciting the mirror motion with radiation pressure of the resonant light of the cavity itself and measuring the transfer function dr T F in the case that = F 0 FB [15] . It is beneficial to measure dr instead of q E to obtain the susceptibility because external torque on the right mirror T E will affect the measurement less. In application of this method, it is possible to measure the susceptibility in the case that ¹ F 0 FB in the following way. The transfer function dr T F is expressed as ( )
Once this function is measured, the angular susceptibility of the right mirror is calculated as ( )
If H, G F and G E are known, equation (10) shows that the susceptibility is obtained by measuring dr T F . In fact, H, G F and G E are measurable with auxiliary experiments. Note that
This behavior is consistent with the interpretation of equation (7) that the anti-spring torque no longer acts on the right mirror with large | | H . 
Experiment
The setup of our experiment is schematically described in figure 4 . The light source we used is a Nd:YAG laser of wavelength 1064 nm. The power of the light injected into the cavity was about 35 mW. The length of the cavity is 14 cm. The finesse of the cavity was about 600. The radius of curvature of the front mirror is 1 m, its diameter is 25.4 mm, and its mass is 55 g. It is suspended in double pendulum structure, and four magnets are attached to it so that its translational, yaw, and pitch degrees of freedom can be actuated independently through four coils that are located behind the front mirror. The end mirror is a tiny mirror made of fused silica whose mass is 23 mg. It is flat and its diameter is 3 mm. It is suspended by a silica fiber of m 10 m in diameter from the intermediate mass that is suspended by a tungsten wire from a metal structure fixed to the breadboard. The breadboard supports both mirrors of the cavity. The cavity length was controlled with the actuator attached to the front mirror using PoundDrever-Hall method [16] so that the cavity was kept resonant. A quadrant photodetector (QPD) and a lens were placed in such a way that the beam spot position at the QPD is exactly the same as that at the end mirror. This condition is realized explicitly by the parameter set of
Therefore we adopted = x 0.86 m lens , = x 1.7 m, QPD and = f 0.4 m. Mechanical characteristics of the yaw motion of the mirrors had been measured [15] . If it is assumed that the yaw motion of the end mirror is described as a single oscillator, i.e.
( ) ( )
the moment of inertia about the axis passing through the diameter I is´-1.7 10 kg m 11 2 , the resonant frequency f 0 is 2.62 Hz, and the Q-value is 6.7. The susceptibility of the front mirror is described well with a coupled oscillator model in which resonant frequency and Q-value for the lower frequency mode are 2.54 Hz and 3.76, respectively, and resonant frequency and Q-value for the higher frequency mode are 15.9 Hz and 21.4, respectively.
The open loop transfer function of the upper loop in figure 3 , H, was obtained as shown in figure 5 . The efficiency of the actuator is assumed to be constant with respect to frequency. figure 3: = H F A G R FB F F . Overall gain constant was variable. In this figure, the gain constant is set for the gain at DC to be unity. These traces were obtained by fitting measured data with the theoretical curve of H. The filter circuit was designed so that its transfer function ensured the stability of the upper loop. The circuit contains a variable gain amplifier (VGA). By measuring
for several values of gain of VGA, we observed how the susceptibility of the end mirror changed in accordance with the change of the gain of the loop.
Results
The transfer functions dr V exc were measured as shown in figure 6 . The intra-cavity power of the resonant light was expected to be5.1 10 mW
2
. This value of the intra-cavity power was consistent with the previous result [15] . Measured transfer functions dr V exc were explained well with theoretical curves as shown in figure 6, with ( ) = H f 0 , the gain of the upper loop in the block diagram in figure 3 at DC, calibrated as described in the next paragraph.
The gain ( ) = H f 0 for each measurement was calibrated as follows: each dr V exc was fitted by theoretical curve using ( ) = H f 0 as a single fitting parameter and maximally likely estimation of ( ) = H f 0 was assigned for each, measured values of ( ) = F f 0 FB were assumed to be proportional to the assigned values of ( ) = H f 0 , and measured values of ( ) = F f 0 FB were translated into ( ) = H f 0 using the obtained constant of proportionality between F FB and H.
Each susceptibility of the yaw motion of the tiny mirror obtained by converting dr V exc into q T E E with equation (10) is shown in figure 7 . Figure 7 shows that the peak frequency of the susceptibility shifted higher and the susceptibility approached the mechanical susceptibility G E when the gain, ( ) = H f 0 , was set larger, as equation (7) indicates. Each susceptibility q T E E obtained from measurement matched well with one obtained theoretically, as shown in figure 7 . In other words, figure 7 quantitatively describes the coincidence between measured and theoretical shifts of the resonant frequency. Here since the relation | |  H 1 did not hold, the susceptibility did not completely approach the mechanical susceptibility G E . This result shows that the feedback control from dr to T F prevents the resonant frequency of the angular motion of the tiny mirror from decreasing. The measurement therefore demonstrates that the anti-spring effect on the mirror is reduced when the gain of the present control loop increases.
Conclusion and discussion
The present result successfully proves for the first time that the Sidles-Sigg instability on a tiny mirror with no actuators can be reduced by the feedback control from the beam spot position at the mirror to angular motion of the other mirror of the cavity. Therefore, the demonstrated control method is proven to be useful for the stable control of an optical cavity with a tiny mirror against high intra-cavity power of the resonant light, which is crucial for observation and reduction of quantum radiation pressure noise. Let us discuss the effect of this control method on misalignment of the cavity in figure 2. Figure 2 shows that if the right mirror rotates, this control rotates the left mirror and shifts the beam spot towards the center of the left mirror. Thus, this control method reduces the displacement of the beam spot from the center of both mirrors. Moreover, the rotation of the left mirror caused by external disturbances is suppressed by this control method, because externally induced rotation of the left mirror causes the displacement of the beam spot position at the right mirror, which is detected and fed back to the rotation of the left mirror in this control method. In fact, it can be shown that the above two discussions hold for resonant cavities with any geometry. Therefore, besides the reduction of the torque on the right mirror caused by radiation pressure of the resonant light, this control method effectively improves alignment of the cavity against external sources of rotation.
This result is potentially applicable to any experiments that employ a cavity with a tiny mirror which actuators cannot be attached to, such as ground state cooling experiments [17] and optical levitation experiments [18] . 
